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Outcome 1 — Vectors
- Revision of Vectors in 3 dimensions .from Higher Level

1. Position Vector of a point P.

Maths Support

. Relative to an origin ‘O, P is the point (x, y, z) with position vector:-

x - o
SP or p=1\y [or (x, y, z) is sometimes used]
Z
2. Basic laws '

(a) The Commutative Law.
: at+tb=b+a

Proof - OQ OP+ PQ and OQ OR+ RQ
=a+b =b+a
i.e. a+b=b+a

(b) The Associative Law.
(a+b)+c=a+(b+¢)

—~ -
"Proof: OQ=ga+b and PR = b+c¢

3 - - - -5 S
OR =0Q+QR and OR =OP+PR

=(a+b)+c =a+ (bt+c)
ie. (a+b)+c=a+(b+¢)

(c) The Zero Vector or Identity Vector
Q+Q=Q+g=g ’

(d) The Negative of a Vector.
ﬁ a +-C—a)——~

(e) Multiplication by a Scalar, k.

If g is a non-zero vector and k a non-zero number, then
1) lkal is k times lal. :
(i) ifk>0, ka is parallel to g and in the same direction.

@Gii) ifk< O ka is parallel to a and in the opposite direction.

() Unit vector

A unit vector is one whose magnitude (length) is one umt
i is a unit vector in the direction of Ox.
J is'a unit vector in the direction of Oy.
k is a unit vector in the direction of Oz.
The position vector of any point can be

- given in terms of i, j and k.

~ e.g. If P is the point (1, 2; 3), then

L p=i+2j+3k

X

1
or p=iyj=12
z) 3
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(2)

(h)

' 3. Formulae:-.

(@)

(®)

©TeeJay Publishers 2000 Maths Support

The length, or Magnitude, of a vector.
. A

= = 2. .2, 2
If AB={y|, then |ABl = «/’x +y° +z

b4 .
The distance between A(x, ¥, 2¢) and Bxy, ¥5, 25).

x2. xl xz—xl
AB=Q“2= Yo i={ N |=1 V2N
2 7 L
.—) ) T
LAB =[G, = x)? + (0 =~ 30)* + (25 — )]

N.B. The unit vector in the direction of a vector u is given

by the formula I_Lt—
u
Subtraction of vectors:-
If the position vector of P is p and the position vector of Q 1is ¢

5 .
then PQ=q—-p

The Section Formula:- -
If P divides AB in the ratio m:n,

_é
mb+na

then —-=— giving p =
PB " - m+tn

>

a+b

If P is the mid-point of AB, then p=

The Scalar (Dot) Pfoduc_t

(i) ‘a.b =lallblcos@ :
where 0 is the angle between a and b.
a.a = lal? since cos0 = 1.

, X ' %) -
(i) If a=|y |and b=|y

4 3
then Q.Q'= XX, + V1Y, + 2,2,

— X% TVt 4%
2, 324 ,2 2, 24,2
l \/(xl Tty )\/(xz Ty +Zz)

(iv) . g and b are perpendicular <=>a.b =0.-
Note also that :-
Parallel vectors

LI j=k 1
Perpendicular vectors i l =j. k=ki=0.

. : . a
cosf = —
(ii1) (all

b
b

(v)  The Distributive Law



Advanced Higher

Examples
1.

Subtract 2x+y = N2 or y= N2

2
Subtract 2x+z=—— or zZ=

} a.
cosh = —
' ' [all

©TeeJay Publishers 2000 Maths Support

fa=5i+3j+7kand b=2i—8]+4k
find the angle between a and b. '
5 2

ab=|3]|-8|=14

7]\ 4 :
lal = V(25 + 9 + 49) = V83 Ibl = V(4 + 64 + 16) = V84

b - 14
=> 0 = 80-3°
b~ VB34 4

Find the unit vectors which make an angle of 45° with the

vector @ =2i + 2 _]_ — k and an angle of 60° with the vector
b=j—k '

Let.the unit vectorbe u =xi +yj + zk
u.a= lullalcos@

e 2x+2y-z= Ix3xc0sd5° => 2x + 2y —z = —— ....(1)-

u.b = lullblcos8

ie. y—-z= 1x\V2xc0s60° =>y —z = — .....(2)

Since u is a unit vector then A x% & y2 +722=1 ...... A3)
From (1) and (2) 2x + 2y —

y—z=— @

I
N
®

Substitute in (3)

: 2
2 (42 3
%2 + (\/i—Zx) + (7—2x) =1 =>9x> - 6V2x + 3 =0

IH

2 — ) — — — : :

6x* —42x +1=0=> x= > O (quad:patxc formula)
4

=> y=3ﬁ o;O
. 1

=> = 5 Or —

. Hgncez= (3\1/— 33— 3\1/_) —«/1: 0’_%)
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Advanced Higher’
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Which of the following expressions represent vectors and which
represent scalars? ‘

(@ bc+ca+ab - (b) (b-.c_)é + (ca)b + (a.b)c

© (bo(ca)a @ [+ (ol +2a)

‘Evaluate these when a =i + k, ,b_:i+1+2]_candg=2l'.{.k_

A, B and C have coordinates A(1, 6, -2), B(2, 5, 4), C(4, 6, -3).
Find the lengths of the sides, cosines of the angles and the area

~ of triangle ABC.

vProve, that in any parallelogram, . B ' C

the sum os the squares on the diagonals
is equal to twice the sum of the squares
on two adjacent sides.

d

A

Iy
w)

i.e. Prove that
o 12 2 ) o2 .
IBDI” + lACI” =21 ABI” + 21 AD I by expressing
B_I))ash—_d_and;Casb+¢

Find the two unit vectors which make an angle of 45° with the

- vectorsa=iand b =k.

(a). Find the unit vectors which fnake an angle of 45° with the
vector a = —i + k and an angle of 60° with the vector
b=-2i+2 1 + k.

(b) Show that these two unit vectors are perpendicular. .

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough) (No reference)

Understanding Pure Mathemaﬁcs (A.J.Sadler/D.W.S. Thorning)
Page 62 Exercise 2C Question 1 — 18
Page 412 Exercise 17A Question 1 —.14
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The Vector Product.
Introductlon | | NOT el
Right-Hand systems and Left-Hand systems. . , CONRSE

Let a, b and ¢ be three, non-zero, non-coplanar vectors.

[a b, c]is said to be a right-hand system
if a observer at C sees an anti-clockwise

- —
rotation that takes OA on to OB.

Imagine ¢ as a screw. Seen from below, a
' right-hand rotation of the screw takes C
into the page.

[b, a c]is said to be a left-hand system
ifa obsel;ver at C sees a clockwise

- - .
rotation that takes OB on to OA.

Imagine ¢ as a screw. Seen from below, a
right-hand rotation of the screw takes C
out of the page.

Note : The order in which the vectors are written plays a part.
: [a, b, c] is a R.H. system. ' '
Cyclic( interchange' of @, b and ¢ is also a R.H. system.
a _

< b [a ¢ bl, [b a cl, [c b a] are L.H. sysiems.




‘Advanced Higher

Definition.
v (1)

v (1)
(iii)
Note (a)

v’

()

SN CY)
v

C©
(®

. Proof :

de. axb=—(bxa).

©TeeJay Publishers 2000 ‘Maths Support

The Vector Product.

. The Vector Product is denoted by.a x & which reads as “a cross b”
and is defined by:- '

magnitude (length) la x bl = lallblsin@ where 0 is the angle
between a and b..

a x b is perpendicular to both a and b.
[a, b, a x b] form a R.H. system.

a x b = 0 <=> a is parallel to b or either a or b is zero.

la x QI is the area of a parallelogram
with sides determined by g and b.

Areéa = base x height
= lallblsin@.

If @ and b are non-zero vectors, the following statements
are equivalent :

1) axb=0.

(i) aisparalleltob.

(iii) a = kb. (a linear multiple of b.)

axb=—(bxa)

If [a, b, a x b] is a R.H. system
then [b, a, b x a] is a LL..H. system.

bxa

So [b, a, — (& x‘_a__)] is a R.H. system.

bxa

ka x b = k(a x b), ka x Ib = ki(a x b)

The distributive law:- ‘

ax((b+c)=(@xb)+(axc)
b+o)xa=((hxa)+(cxa)

Page 6
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The Vector Product in component form

Leti, j and k be unit vectors, mutually pérpendicular to form a R.H. system.

Therefore i X l=k Also iXi =0
. ixk==j ixj=0
jxi=-k kxk =0
JXk=1
kxi=j
kX j=-1
These results can be or If moving in a clockwise
summarised in a table. : . direction, the vector product

is positive.

x| i j.k : - . If moving in an anti - clockwise
ilo k —j ‘ direction, the vector product
I ' is negative. -1
j|-k 0 1 '
ki j  —i 0
| k J

-Letg_=x1i+y1i+zlk andQ=x21+y21+z2k |
then - ng:(x1;+yll+zlk_)x(x2i+y21 +z2]g)

by the distributive law . _

= x EX(x,L + yzz +2,k) + ¥y j X(rpi + yzi + 2,K) + 2, KX(x,l + Y, j o+ 25K)

= X DX, X EXY, 1+xlix22k+yl _J_'xx25'+y1 V2 j zxz2k+zllc_xx21+z1kxy2 i+z1_]§xz2]_c
= xlxzixi+x1y2ix l+x1z2ixl_c+x2y1 l'xi+yly2 JjX 1+y122 ixl_c+x2z1kxi+y2z'1 kx Z+z1z21c_xl_c :
= x, %, (D)+x Y, (R)+x, 2, (- l')+x2y1(——_I§)+yly_z‘(Q)+y1z2(i)+x2z1( 1)+y221(—i)+z1z2(Q)
=:xlyz(k}+x1z26—1)+x2y1(—k}fylzzihxzzl1+y2z16<0 ‘ '
= 0712y = Vo2l + (5p2 = X125) j + (Y, — Xy K

These components can be found more easily by rearranging the components of
a and b under the unit vectors. :
' The component in the direction i is found by evaluating the -

i j ok | determinant formed by the components of j and k..
X ;1 4 Similarly, the component in the direction j is found by
‘ evaluating the determinant formed by the components of
Y N2 .ZZ i and k and the component in the direction k is found by
) evaluating the determinant formed by the components of
iand j. :

.Altematively, write the camponents of the two vectors one under the other,
starting with the second and ending with the second, the components being
written in ¢yclic order. : ‘

ie. ¥ zZ; X Y1
LA A
Yo % X )

5 ' Upward arrows negative.

Downward arrows positive.
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—(2x1 — 3x(~1))i — (Ix1 — 3x2) j + (Ix(—1) — 2x2)k
=5i+5j—5k -

2 3 1 2

> XY

b -1 1
=@ -E3BNi+ (6-1Dj + (-1 -Dk
=5i+5j -5k

o
=
IR

— axb

ij ok
g) bxae=2 -1 1
1 2 3 :
=(—1x3 — 2x1)i —(2x3 — 1x1)] + (2x2 — lx(—l))k
=-5i-5j + 5k’

fa=3i+5j+7k b= i+kand c=2i—j+3k-

verify that a x (b x ¢) = (a.c)b — (a.b)c
( This is known as the Vector triple product).

b 0 1 1 0 bxc=1i~— J— k

c -1 3 2 4
a 5 7 3 5 ix(kxo)=2i+10j—8k
bxc —1>{—1>'<1 ~1
(a. 9)b ~ (a.b)c A A '
1 2 (1 2 2
=6-5+21)0|{—B+0+7)|-1|=22|0|-10|-1|=]10
1 3 1 3. -8

ie. ax(bxc)=(ac)b - (ab)c

Find the area of the triangle with vertices
A(1,3,-2), B(4,3,0) and C(2,1,1).

- -
- Areaof a triangle -———(Area of a parallelogram) ——%l CA x CBI
-1 2
- . -
CA=a—c=|2|,CB=b—-c=|2 7
-3) —1 -6

Area of a triangle = % V(16 + 49 + 36) = 5 V101

Page 8
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4. Find a unit vector perpendicular to both @ = 2%+ j —k
andb=i-j +2k:
The vector n = a x b is perpendicular to both a and b.

;o ‘ Divide n by Izl to obtain a unit vector that has the same
- direction as n. '
Then u= = = axb
| laxdl
a 1 ~1 2 1
axb=i—5j —3k from >y > >X
B b -1 2 1 -1
lg x bl = V(12 + (=5)? + (-3)%) = +\/35
u = +__1__(l'_51_3k) :

Exercise 2 V35

1. Ifg_=314—21—kb z—]—2kandc—4z—3]+4kevaluate<

@ ax@®xc) . () @xbxec (© @xb.(axo
Do @ @xb.bxe) (© lax@xole
>3+ = 2 .Ifg_;3i+21+51_c,b;=41+31+2kandg=2;+1+.1oz_c,ﬁnd‘

(@ axb () (@xb.ec (© bilaxo)

w
et

fa=3i+ j+2k Q:Zi—kandg:i+1+l_c’and
=bH x

b x (¢ x a) + (a.c)a, show that b is perpendicular to d.

4. Find a Vecto'r perpendicular to each of the vectors g = 4i — 2 l + 3k.
and b = 5i+ j — 4k. - ’ '

5. Ifa=i+ j— kandb 21—]+k find
(@) axb () ax(a+b) and show that ©) a(axb)—

6. Find the unit vectors perpendlcular to both a=4i—kand
b=4i+3 ] — 2k.

7. Find the area of triangle ABC where A(4, -8, ~13), B(5,-2.-3)
and C(5, 4,10).

8. Prove algebralcally the vector tnple product
ax (bxc)=(ac)b— (a b)c

Further examples can be found in the following resources.
4The Complete A level Maths (Orlando Gough) - No reference.

. Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning) - No reference
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(ii)

(iii)

Advanced Higher

- Since R lies on L, XR is parallel to 4 (or is zero).

©TeeJay Publishers 2000 ~ Maths Support

The Equation of a Straight'Liné.

In Vector Form.

Let d # 0 be a fixed vector. Let A, with positioﬁ vector g, be a fixed point
and R, with position vector r be a variable point. _ o '
Let R lie on a straight line L which passes through A and is parallel to d.

.._)

AR = td (where t is some parameter).
r—a=td :

ie. r=a-+1td

This is the vector eqliation of the line L through A parallel to d.
The scalar ¢ is a parameter and may take any real value including zero.
The vector d is called a direction vector of the line. '

The cosines of the angles between the vector 4 and the unit vectors i, Js k
are called the Direction Cosines of 4.

In Parametric Form.

x a l _
. If r=|yl|,a=|b|and d = |m| then the vector equation becomes
Lz c n
xy (a l S ' x = a +
=>" y = | b |+ t|in|, equating components gives y = b + m
4 c n zZ = ¢ + In

These are the Parametric Equations of the line.

In Symmetrical or Cartesian Fofm.
We can eliminate the parameter, ¢, to obtain the following:-

x—azy—b:z—c =0 => x—a:y—bzz—

m n 1 . m n

From ¢ is called the

N
Symmetrical Form of the equ? of a line through (a,b,c¢) in the dir™ | m

n

" Note : If any of the direction vectors is zero, the parametric

equations should be used:
Finding the equation of a line given 2 points on the line.
A particular straight line in spacé can be prcciseiy specified in a variety
of ways : ‘ o

(a). by means of two points,

(b) by means of one point on the line and the direction
vector of the line, :

(c)  as the intersection of two planes. (See later)
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Examples
1. Find the equation of the line joining the points
A(1,0,2)yand B(2, 1,0)
1 l
AB=b—a=] 1 |ie. the direction vector | m | of the line.
: —2 , n |
A(l, 0, 2) lies on the line. : -

e Lo x—a -b —c
Substitute 1n =2 =z

} m n
x—=1 y-0_z-2

1. 1 -2

x=1+1, y=t z=2— 2¢ in paramétric form.
. 4 ' .

in symmetrical form ....... (D

Note B(2, 1, 0) also lies on the line; giving
x=2 y-1_ z
1 1 -2

x=2+1ty=1+t,z=—2¢ in parametric form.

in symmetrical form ........... 2)

This illustrates that the equatibn of a line is not unique.
However, equation (1) can be reduced to equation (2)
by subtracting 1 from each part. ' :
x—l_lzy—O_lzz—Z_l e x—-2:y—1: Z
< 1 1 -2 1 1 -2

An alternative check, to show that the lines are the same, s’
(i) apoint on one line lies on the other and
(i) their direction vectors are parallel.
e.g. - A(1, 0, 2) satisfies both equations and
‘Direction Vectors are the same in both equations.

2. Find the symmetrical *formlo"f the equati_oﬁ of the line through
the point (6, 3, —5). ’

4 N
(2) in direction | -8 | (b) parallel to the line. % =Y —210 _Z 1—; 8
7 o
=> (a) by inspection ?C_ 6 _Y "83 _ z—i7-5
_ | | ;
" => (b) ‘both lines must have the same direction vector | —2
o | | 13

x—6 y=3_z+5
3 -2 13

i.e.
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1. Find the symmetrical and vector equation of the line throngh
12 3 B 3
the point (5, —2, 6) in the direction | 1 |.
' 4
2. Find the symmetrical and vector equation of the line through

x+5y13z4

. the Vpomt (2, =3, —7) and parallel to the line

3 -2
3. Find the symmetrical equations of the lines joining the following
pairs of points:
(a) (3’ 27 _7)9 (5, _13’ —4) . (b) (_81 —133 '—9)’ (123 7? 1) :
© (3,0,0),(0,0,5) (@ (0,0, 0),(-10,4,-6)

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough) (no reference)

Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning)

Page 420 Exercise 17C Questions 1 — 11

The Nor'mal Vector.

The Equ:ition of a Plane

The normal vector, n, of a plane is perpendicular to the plane if it is
perpendicular to every vector which lies in the plane, IL.

The equation of a plane:-

(1)

in the Scalar Product Form of the Vector Equatlon
n

Let n # 0 be a fixed vector and let P with
position vector p be a fixed point.

I 7/ LetIl denote the plane through P
normal to n.

Let X with position vector x be a vanable ,
point.

Then the following statements are equivalent : -
(i) XliesonlIl. (ii) nis perpendicular to PX.
Hence (i) n.@&x—p)=0 o

ienx—np=0 =|nx=nyp

This equation is true if and only if X lies on Il
Since n and p are fixed, n. p = k where k is a constant.

Therefore the equation of a plane can be written in the form n.x =k
where k is a constant, n is the normal vector to the plane and x is the
position vector of any point on the plane.
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in Parametric Form for the Vector Equation.

Consider the plane IT which is parallel to vectors
u and v (where u is not parallel to v) and which
also contains the point A whose position vector
is a. '

Let R be any point on IT with position vector r and
_) s .
so AR lies on IT.

If R is any point on this plane, AR = Au+uy

(iif)

where A and u are parameters.

N -
If r is the position vector of R, r=a+ AR

ie. |r=a+ Au+uy

Thus any équation of fhe formr=a+ Au+ Uy, where A and L are

~ parameters, represents the plane parallel to the vectors u and y and

containing the point a..

in Symmetrical or Cartesian form. 4
In coordinate terms, if n =ai + bj + ckandx=xi +yj + zk
then the equation of the plane, with. the aid of the scalar product is written

fa) (x
bllyl=k or ax+by+cz=k
c)\z
(a
Note b | is called the normal vector
‘ 1, )
or its components are called the direction ratios

or if equal to the unit vector, direction cosines.

" Examples

1. Find a parametric equation of the plane containing the three
points A, B and C whose coordinates are 2,1,3),(,2,3)
and (S, 3, 5) respectively. .

The position vectors of A, B and C are:-
a=2i+j+3k b=Ti+2j+3k and ¢=5i+3)+5k

_)
AB=(Ti+2j+3k)— Qi+ j+3k =5i
-
AC =(5i+3j+5K) — Qi+ j+3k) =3i

The parametric equation is therefore -
5=2L'+1+31c_.+l(51+1)+',u(3;‘+21+21g)
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Find the Cartesian equation.of the plane containing the points
A0, 1,-1),B(, 1, 0)and C(1, 2, 0).

1 0 1) 1 0 1
- -
AB=b—a=|1{-|1|=|0]|, AC=c—a=|2|-|1]=|1
0 -1 1 0 -1 1
: -1 =
5 5 AB 0 1 1 0
ABx AC = 0 | from XC >{1>{ >{1
1

Hence the normal vector has components | 0

. , 1
The equation of the plane is of the form —x+z =k
Since A(O, 1, — 1) lies on the plane, substitute in the abpve

~ equation to find k. ie. k=-1 -

=> The equation of the planeis —x+z=—1lorx—z=1

Find the equation of the plane containing the poirits
A(l, 2, 3), B(O, 3,2) and C(3, 0, 5).

0 1 -1 3 1 2
- : -
AB=b—ag=13|—-|2|=|1,AC=c—-—a=|0]—-12|=|-2
2 3 -1 5 3) \2
0 = ’
- - AB 1 -1 -1 -1
ABx AC =|0|from >{ >§
0 AC 2 2 2 ~
0
The normal vector has components | 0 {which is impossible
‘ A ol :

 Therefore the points A, B, C must be collinear and an infinity

of planes must pass through A, B and C.

-1 (2Y) (-1
Notice that A—}B =| 1 |and fTC =|-=2|=2 1

-1 2 -1

Find the Cartesian equation of the plane through (-1, 2, 3)
containing the direction vectors 8i + 5 1 + k and —4;' +5 l + 7k.

The normal vector z is perpendicular to both the given vectors.
a a) (8 a\ (—4

Letn=|b|andso |b|.|5|=0and |b|.| 5 |=0

c c)\1 c)\ 7
iie. - 8a+5b+c=0and 4a+5b+7c=0

-Solve simultaneously to find b and c in terms of a, we obtain

=-2a and ¢ = 2a.

a 1
ie.n=1|2a jor| 2
—2a -2
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" The equation of the plane is therefore in the form
x+2y—-2z=k '
Since A(-1, 2, 3) lies on the plane, substitute in the above
equation to find k. ie.k=—3 ‘
The equation of the plane is x + 2y -2z = — 3

5. Find the Cartesian equation of the plane containing the point

P(3, -2, ~7) and the line ";5=%=ZZ6. ‘

The point Q(5, 0, —6) lies on the line and the point
P(3, -2, —7) lies on the plane.

‘ o 5 -3 2
- .
A direction vector on the plane PQ = |0 |- |-2| = 2
6 -7 1
v 3
The direction vector of the line = 1
’ . 4
The normal vector to the plane 1s ,
z | i’ 75 i 20 1 2 2
X = | — rom
1 4] \a) - 1>{ 4>{ 3 >{ 1

The equation of the plane is therefore'in the form
Tx—-5y—4z=k .
Since P(3, —2, —7) lies on the plane; substitute in the above

equation to find k. ie. k=59
The equation of the plane is 7x — 5y — 4z =59

Exercise 4
1. Find the Cartesian equation of the plane:-
3 ,
~ (a) withnorm | —2 | and through the point (3, -1, 1)
A 7 ,

(b) withnorm 2i — j.—k and through (4, 1,-2)

2. Find the Cartesian equation of the plane through the given point,
containing the stated directions : '

‘ 4 1
A (a) (1’ 2, _3)’ -2 ’ 1
3 0

®) (1,-1,1), 3i-5j -7k, —4i— j + 6k

3. Find the Cartesian equation of the plane through the following sets
of three points :- - | .

(@ ((2,1,3),4,1,4,(2,3,6)
®) 3,0,0),(0,5,0,0,0,7)
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4. Find the Cartesian cquatlon of the plane containing both the point
and the line given :
. - x _y—=5_ z+l1.
58,-4), —=—="—
@ © . ) —4 1 0
' ' x—1 y+7 z-3
b 2,-5,3), ——= =
®) b ==
5. A plane is paralle] to both lines
x=1_y_z-1 dx+1 y_z
2 3 4 -1 2 1

and passes through the point (1, 0, —1). Find its equation.

6. A plahe passes through the points (0, 1, 2) and (1, -1, .O) and is

parallel to the direction | -1 |.

1
Find its equation.

Further examples can be found in the féilowing resources.
The Complete A level Maths (Orlando Gough). No reference
Understanding Pure Mathematics (A.J .Sadler/ilW.S.Thorning)
Page 429 Exercise 17D Questions 1 — 12

‘ .Angles between Two lines, Two Plénes, or a Line and Plane

(i) The angle between Two Lines.

The angle between two lines is the angle between their direction
vectors and can be found using the Scalar Product.

- Example Find the size of the angle between the lines
x—1l=y=z—-1landx=1+7¢,y=5¢z=—1

The lines can be expressed in the symmetrical form

1 1 1 1 5 -1
. 1 1
Their direction vectors are a=|1|and b = 5
’ 1 -1,
- a.b 5 5 |
Using cosf®° = ——=— = —=— = 0= 56-3
5 Tel~ 333 9

Page 16
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(ii) The angle between. Two Planes:-

The angle between two planes is defined to be the angle between their
"~ normal vectors. :

Example. Find the angle between the planes x + 2y +z=0and

Xty = 0. :
1 . 1
Their normal vectors are g = | 2 andb=|1]
1) - \0
b 3 3 N3
cos@- =" ==0=T7
u bl o2 2B 2 e

(iii) The angle between a Line and a Plane:- .

* Normal Line
Vector A '

If ©° is the angle between a line and the

1 normal vector to the plane, then (90 — 6)°
: is the angle between the line and the plane.
1

Note (i) (90 — 6)° is the angle between the.
line and its projection on the plane.

(ii) (90 — 6)° is the smallest angle
~ between the line and the plane.

Example. Find the angle between
the line %:——=% and the plane x + z =0
The normal vector of the plane = | 0
1

1
The direction vector of the line = | 1

0
By the scalar product

‘ 1 1 ‘
cosf® = —— = 0=60
242

2
The éngle between the line and plane = (90 — 6)° = 30°

~ Page 17 .
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The Intersectlon of Two Llnes, Two or Three Planes, or a Line -
and Plane.

(i) The Intersection of Two Lines.
Two distinct lines in a plane are either parallel or intersecting.
In three dimensions there are three possibilities : they may be -

parallel or intersecting or skew (neither parallel nor intersecting).

The following example demonstrates how to find whether two lines
intersect and if they do, how to find the point of intersection.

Example . '
‘ x+9 +5. z+1 . x—-8 y-2 z-5
=2 ) =72 .2
4 1 =2 -5 4 8 »
x—8 -2 z+15
=32 NE)
-5 —4 8

(aj Find where lines (1) and (2) intersect.
(b) Find where lines (1) and (3) intersect. *

=> (a) Ifthereis apoint (p, g, r) lying on both lines,
p+9 :q+5=r~+1=/,L and p~8=q—2 _ r—>5 _
1 -2 =5 —4 8
Therefore - p= 4L —9=-5u+ 8 ...... (C))
g= A-5=—4p+2...(05
r=-2A—-1= 8u+S5....(6)
Solving (4) and (§) => A =3 andu=1.
Substitute these values in (6) gives —7 = 13.

. then

Since these values do not satisfy (6), we conclude
‘that the lines (1) and (2) do not intersect.

(b) If there is a point (p, g, r) lying on both lines,
p+9 q+5 r+1 2and'p—8_q—2_r+15_
1 -2 -5 ~4 8

Therefore =41 —-9=-5u+8 ...... )
~ g= A—5=—4p+2 ...(8)
r=-2A—-1= 8u—15....(9)

Solving (7) and (8) => A =3and u=1.
Substitute these values in (9) gives —7 = -7. ’
Since these values satisfy (9), we conclude that the lines
(1) and (3) intersect.
Using A =3 (or u =1) in (7), (8) and (9),
=> p=3,g=-2andr=-7.
. Therefore lines (1) and (3) intersect at (3 -2, —7)

~ then
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(ii) The Intersection of Two Planes.

Two non-parallel planes will always meet in a straight line.
Given the equation of two planes, we can proceed as follows:-

Example Find the equation of the line of intersection of the planes

3x—S5y+z=38and 2x — 3y + z= 3. S
Method 1. o :
' For any point (x, ¥, 2) which lies on both planes, the
values of x, y and z fit both equations simultaneously.
Hence eliminating z from both equations (by subtraction
in this case) gives x — 2y = 5. :

There are infinitely many pairs of values of x and y
which satisfy this equation, but if we choose a value of
x then the value of y is fixed and vice-versa.

Let y = 1, then x =5 + 2t and substituting these
expressions for x and y into 3x — S5y+ z = 8 gives

3(5+2t)—5t+z=8 =>z=-"T—-1

ie. x=5+2ty=t z=-7—t are the parametric
equations of the line

. . x=35
~or ' in Cartesian form "

—

-2

~ Method 2. : L . :
' To find the equation of a line, we require its direction
vector and a point on the line. '

The direction vector of the line is perpendicular to both
normal vectors of the planes.

3\ 2
The normal vectors of the planes are Q =|-5{, b= 3|
‘ L1 1

The direction vector of the line of intersection must be
parallel to a x b.
' -2
axb=|-1
1
Let z = 0, hence 3x — 5y =8, 2x — 3y = 3.
Solving these gives x =9, y =-7. '
ie. (-9, -7, 0) is a point on the line. -

' The equation of the line in Cartesian form is
x+9 _y+7_z . x+9 y+7_ z
-2 -1 1 2 1 -1

which can be turned into x=3 = % =z +17

by subtracting 7 from each part.

Page 19
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(iii) The Ihtersection of Three Planes.

The solution of a system of 3 planes is a point common to the 3 planes.

If the matrix of the coefficients is singular (see Matrices) then the
equations do not have a unique solution. ’

The equations could either have:-

: (é) a unique solution,
intersecting at one point.

\

(b) alinear solution,
in which case one
equation is a linear

O

(or the 3 planes are idéntical) '-m’,n..-,

There are an infinite set of points -
which are common to all 3 planes.

(¢) no solution, in which cases ‘ /
- the three planes are parallel, —>

NN

two are parallel l

or

s

e

one plane is parallel to the line
of intersection of the other two.

"q?//, |

Page 20



Advanced Higher ©TeeJay Publishers 2000 Maths Support

' Example
Show that the planes:-

A:2x—y+5z=—4

B:3x—-y+2z=-1
C:id4x—y—-z=2

‘intersect on a line and find its equation.
-1
5 |
The normal vector of B : b = ——1'
' 2
{ 4\
The normal vectorof C:c=1-1

-1

The normal vector of A : g =

'The directon vector of the line of intersection of Aand B
BRE parallel to a x b..

| | 1 s 2 -
ie. axb=/|11|from ?{)( >< :
‘ b — 2 3 -1

If (a x b).c = 0, the direction vector of the line of intersection
is perpendicular to the normal vector of plane C.

=> the line of intersection of planes A and B must be
parallel to the plane C. A

* j.e. the three planes intersect on a line..

w
(N

Tetz=0, A:2x—y=-4
B:3x—-y=-1
Cidx—y=2

From A and B, x =3 and y = 10.
A point on the line of intersection of A and B is
therefore (3,10, 0). ‘

This point also satisfies C, since 12 — 10 — 0=2.
. i.e. (3,10, 0) lies on all three planes.

The equation of the line is x=3 = y-10 =
: 3 11 1
Note If the planes intersect at a point, the soltion can be found

by Gaussian elimination or Matrices (next outcome).
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- Calculate the acute angle between the following pairs of lines :

(2) 36__—_1:)’_-!-_2:5,' x+3_y+l_z-2

| 1 2 2 3 0 4

®) x—1=y=z-1, x=1+t y=5tz=-t

(é) x+4=y—1=z+3, x+1:y—4:z—5

‘ 35 4 1 1 2

(@ r=di-j+AG+2]-20, r=i— )+ 2k Qi+ 4] -4

Find the acute angle between the following pairs of planes :

(a) 2x+2y-3z=3, x+3y—-4z=6

() 5x— ldy +2z=13, 6x+ Ty +6z=-23
© . rG-p=4 r(j+l=1
@ r@+j+b=1, r.G-j+b=
Find the acute angle between the following lines and planes :
-1 z+3 v
() %:y_—l;—z-_?, x—2y+4z=-3
. x—2 y+1 z+3
b = = , 2x—y—2z=4
(b) 5 p 3 y~-2z
x+1 y z-3
== 10x+2y—-11z=3
© = 356 ¢
d r=i-j+A@+j+k), r.G-2j+2k)=4
Find the coordinates of the point of ‘intersectior.l of these lines :
@ x-4 y-8 z-3 x-7 y—6 z-5
C 1 2 17 6 4 5
®) x—2 y-9 z-13 ~ x+3 Y- 7. z+2
S| 2 3 7 -1 2 -3

Find the equation of the line of intersection of the following
two planes :

(a) x+y+2z=2, x—y—2z=5
(b) 2x—y=3,x+'y+4z=1
(©) 2x+3y+z=8 x+y+z=10, 3x+5y+z=6

/

Find the coordinates of the pomt of intersection of the followmg
line and plane :

(a)
(b)

_x=>4+t,y=1-——t,z=3t,2x+4y+z=9
x-1_y-2 z-1 ’
3 1 -4
» Page 22
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7. A plane contains the line =7 ;12 =z ;1 and the plane is parallel to
the line —-=—y—+l=~z—. ,
2 3

.Find the equation of the plane.

8. (a) Find the coordinates of the point A in which the line L with
x+1 y-2 z+43

-1

equation meets the plane IT with equation
3x—y+z=10.

(b) Hence find the equation in cartesian form for the line through A
lying wholly in the plane and perpendicular to the line.

9. (a)  Find parametric equations for the line L joining the points
: A(2,—4, 3) and B(4, 0 -5). ' '

' (b’) . Verify that L is perpendicular tb the line M joining the point A
- to C(-2, -6, 1).

(c) Determine the equation of the plane containing L. and M.
10. (a) Show that the line L with parametric equations

x=2—t,y=-3+2t,z=-1—-4¢ :
on2x+3y+z=—06.

(b) Find parametric equations for the line M through the point
: (3, 2, -4) perpendicular to IL. -

(c) Prove that M meets IT at a point lying on L.

lies on the plane IT with equati

11. (a) Show that the line L joining the points A(2, 1, —1) and
: . B(3, -2, 1) is perpendicular to the line M with parametric

equations x = 11 +4f,y=3 +2t,z=1+1.

(b)  Find the equation of the plane II through L perpendicular to M
and prove that I'T meets M at a point C equidistant from A and B

12. (a) Find paramtetric équations for the line joining A(1, ~1, 2) and
‘ B, 5,-7). ' : .

(b) Prove that AB intersects the line with parametric equations
x=6+4t,y=2+1,z=1+ 2t at right angles. '

.(c) Find the coordinates of the point of intersection of lines.

quthér, examples can be found in the fdlldwing‘ resources.
The Complete A level Maths (Orlando Gough) |

No reference

Understanding Pure Mathematics (AT .Sadler/D’.W.S.Thorning)

Page 420 Exercise 17C Questions 13 — 18
" Page 429 Exercise 17D Questions 16 — 28
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Answers

Exercise 1

1.(a) -Number, 8 (b) Veétor, 5i+7j + 9k (c) Vector, 4i + 4k (d) Number, 45.
2. -AB=v38,BC=3V6,CA=V10,

3 41 13 1
COSA = ———=—, cosB = ——, cosC = ——, Area= —+/371
2J05” CO T eJsT T T et T 2t
i . . - 1 .

A : : 1 1 1
3. P f . 4. » i i— .
4 root 2L . .2 ] 2 : \/_2_ !
5 (2) —3+62'\/2L. . V62 l + 3+§«/2k’ *3—62«/21___ w/62»l_ + 3—2.«,/21g

“ (b) Proof

Exercise 2

1.(a) —.10;+71—161_< (b) - 5i—5k () 20 (d) —15 (e) —125

2.(a) -11li+14j+k (b)) 2 () =2 3. - Proof
4. 5i+31j+14k 5 (@ -3j-3k (b) —3j—3k (c) Proof

RTINS W ‘
6. —E@Mﬁmk)’ 5 (Bi+4j+12k) 7. 112 8. Proof

. Exercise 3

S ey s 5Y (3 | 2\ (7
122 2F2 270 oo+l 2 X2 3 2T sl 3
3 1 4 : ' 7 3 -2 :
- 6) \4 -7 -2
-3 - - - -
3.(a) x-3_y 2=z+7. b x 12=y 7:.2 1
2 -15 3 . 2 2. 1
x=3 vy z X _¥Y_Z2
C == — d —— T — 2
© 3 0 5 : (@ -5 2 3

Exercise 4 Pages

1. (@ 3x—2y+7z=18 ®) 2x-y-z=9

2. @ x-y—-2z=5 ® x+2y+2z=0

- 3. (a) x+3y—2z=-1 (b) 35x+21y+A15z=105
4. (@) 3x+ 12y +17z=43 (b) 4x—2y+1lz=51
5. Sx+6y—Tz=12 - |

6. 4dx+3y—z=1
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Exercise 5

| 1. () '70~5° (b) 56-3° .(c) 22-5° @ o

2. (@ 252° ® 702° () 60° (@ 705°
3. (a 285° (b)) 224° (0) 22:4° @ 11.1°

4. @ (1,200 () (1,34

5. (a) _35_"_3:}’_—__1_=_Z_ (b) x+1:y+1:z+1
15 2 T 5 23 2
x=22 y+12 2
© 2 - 1 -1
6. (@ (1,4,-9) ) (7,4,9)

7. Tx+y—3z=06
8. (@ (3.0, (b)

9. (@) x=2+ty=—4+26,z=3—4r _ (b) Proof

(©) .2x—3y~z=13 ' |
10. (a) Proof . (b) xv =3+ 22, y=2+3t,z=-4+t = (c) Proof
11. (a) Proof ) 4x+2y+z=9 C@3,—1,-1)

12. (@) x=l+ty=—1+2,7z=2—-3¢ (b) Proof
(C) (2: 17 —1) '
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